Abstract-In this letter, the performance of non-orthogonal multiple access (NOMA) is compared with conventional orthogonal multiple access (OMA) over multiple-input multiple-output (MIMO) channels. It is proved analytically that for a simple scenario of two users, MIMO-NOMA dominates MIMO-OMA in terms of both sum rate and ergodic sum rate. Furthermore, for a more practical scenario of multiple users, with two users paired into a cluster and sharing a common transmit beamforming vector, the conclusion still holds. Numerical simulations are conducted, which corroborate the analytical findings.
I. INTRODUCTION
N ON-ORTHOGONAL multiple access (NOMA) is being considered as one of the promising radio access techniques for performance enhancement in 5G systems [1] - [6] . Unlike conventional orthogonal multiple access (OMA), NOMA multiplexes users in the power domain, and employs successive interference cancellation (SIC) at the receivers of the users with better channel conditions [1] .
Recently, some work has been done to verify the superiority of NOMA over OMA. For example, the system-level evaluations in [7] show that NOMA improves both the capacity and cell-edge user throughput when compared with OMA. Further, [8] validates that NOMA has a larger achievable rate region than OMA. In addition, results in [9] show that NOMA can achieve a larger ergodic sum rate with randomly deployed users. However, the previously mentioned works have been conducted for single-input single-output (SISO) channels. To further increase the spectral efficiency, additional analysis is required to combine NOMA with multiple-input multipleoutput (MIMO) transmission. In contrast to SISO, there is no natural order of users' channels under MIMO scenarios. Moreover, the calculation of the data rate is based on a vector instead of a scalar, which increases the complexity of the Manuscript received May 7, 2017 analysis. SIC is guaranteed to work well in SISO downlinks. However, it may not work in MIMO downlinks, and puts extra constraints on NOMA.
The study of MIMO-NOMA is generally carried out for two scenarios: a) only two users in the system [10] ; and b) multiple users in the system, with two users paired into a cluster [2] , [3] . For the former, [10] shows via simulation that the ergodic capacity of MIMO-NOMA exceeds that of MIMO-OMA. Note that the ergodic capacity simplifies the MIMO channel into parallel SISO channels, leading to the same result as for the SISO case. For the latter, users are paired into clusters to reduce the complexity of NOMA systems, and NOMA is only applied for users in the same cluster. Moreover, to make feasible the elimination of the interference across clusters, users in the same cluster share a transmit beamforming vector. Ding et al. [2] , [3] validate, again via simulation, that MIMO-NOMA has a better outage performance than MIMO-OMA. However, no analytical comparison between the sum rates of these two schemes is provided.
In this letter, we investigate the performance of MIMO-NOMA under both scenarios, namely, two users and multiple users in the system. For the two-user case, we prove analytically that MIMO-NOMA outperforms MIMO-OMA in terms of both sum rate and ergodic sum rate. Following this, a further investigation of the performance of MIMO-NOMA is given, when there are multiple users grouped into clusters. For the multi-user case, this letter adopts a system model as the one proposed in [3] , in which zero-forcing precoding is employed at the base station (BS), while signal alignment is employed for the users in the same cluster. In this case, the superiority of MIMO-NOMA over MINO-OMA still holds.
The rest of this letter is organized as follows. We present the system model in Section II. In Section III, the sum rate comparison between MIMO-NOMA and MIMO-OMA is conducted. Simulation results are shown in Section IV, and conclusions are drawn in Section V.
II. SYSTEM MODEL
We consider MIMO downlink transmission, in which a BS equipped with M antennas sends data to 2Q users, each having N antennas. Two users are paired to form a cluster, and hence, there are Q ≤ M clusters in the system. A block fading channel model is adopted, in which each channel coefficient captures both small scale fading and path loss components. In particular, the channel matrix from the BS to user k, k ∈ {1, 2} in cluster q, q ∈ {1, . . . , Q}, is See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
The BS transmits one beam for each user: the transmitted signals from the BS are given by
where
being the normalized transmit beamforming vector for user k in cluster q. The information bearing vector s ∈ C 2Q×1 can be expressed as
where (·) † denotes transposition. In addition, s q,k and α q,k denote the signal and the corresponding power allocation coefficient for user k in cluster q respectively, satisfying α 2 q,1 + α 2 q,2 = 1, ∀q. After applying the normalized receive beamforming vector v q,k to user k in cluster q, the received signal y q,k can be expressed as
where (·) H denotes the Hermitian transpose operation and
is an additive white Gaussian noise (AWGN) vector at user k in cluster q.
III. SUM RATE COMPARISON
In this section, we compare the sum rates of MIMO-NOMA and MIMO-OMA under two cases: a) only two users in the system; and b) multiple users in the system, with two users paired into a cluster.
A. Two User Case
In this subsection, we consider only two users in the system, i.e., the one cluster (Q = 1) scenario. The analytical comparison of sum rates of MIMO-NOMA and MIMO-OMA is presented. For notational simplicity, we drop the subscript q from all the variables involved.
1) MIMO-NOMA:
For the two user case, using (3), the received signal y k of user k after applying the detection vector v k can be expressed as
Without loss of generality, we arrange the effective channel gains of the users in descending order as follows:
At the receiver side of user 1, SIC is conducted to remove the interference from user 2. On this basis, the achieved data rate at user 1 is given by
while that at user 2 can be expressed as
is the same for the two users, since the detection vector is normalized and the noise variance remains unchanged after rotation. Here, E[ · ] denotes expectation.
By using (6) and (7), and after some algebraic manipulations, the sum rate can be obtained as
2) MIMO-OMA: In terms of the OMA scheme, we optimize the split of the degrees of freedom (time or frequency) between the two users to maximize the sum rate. Denote the fractions of the degrees of freedom to user 1 and 2 as λ 1 and λ 2 , respectively, which should satisfy λ 1 + λ 2 = 1. Accordingly, the achievable data rate at user k is given by [8] 
Lemma 1: The sum rate for the two users in MIMO-OMA is given by
where the equality holds when the following condition is met:
Proof: The sum rate for the two users is given by
After some algebraic manipulations, it can be obtained that (10) is obtained. Thus, Lemma 1 is proved. Now, for the two-user case, the following theorem shows that MIMO-NOMA dominates MIMO-OMA in terms of sum rate for any power split between the two users.
Theorem 1: For any power split between the two users, MIMO-NOMA always outperforms MIMO-OMA in terms of sum rate.
Proof: For any optimal beamforming scheme for MIMO-OMA, denoted as p 1 , p 2 , v 1 , and v 2 , we assign the same beamforming vectors to MIMO-NOMA. In this case, according to (8) and (10), MIMO-NOMA achieves an equal or larger sum rate than MIMO-OMA when the following condition is satisfied: By combining these two conditions, we can conclude that (13) always holds, which indicates that MIMO-NOMA achieves an equal or larger sum rate than MIMO-OMA. As the beamforming vectors may not be optimal for MIMO-NOMA, we can further increase its sum rate by employing its optimal beamforming scheme. Thus, the sum rate of MIMO-NOMA exceeds that of MIMO-OMA. Note that the conditions mentioned above are independent of the power split between the users. This completes the proof.
Corollary 1: For any power split between the two users, MIMO-NOMA always outperforms MIMO-OMA in terms of ergodic sum rate.
Proof: Since the ergodic sum rate is an average of the sum rate, it is straightforward to conclude that MIMO-NOMA outperforms MIMO-OMA in terms of the ergodic sum rate, based on Theorem 1.
Remark: In summary, although there exists no natural order of the channels for MIMO scenarios, we have proven that MIMO-NOMA dominates MIMO-OMA in terms of both sum rate and ergodic sum rate. In addition, under SISO scenarios, if the channel gains are equal for both users, 
B. Multiple User Case
In this subsection, we investigate the multiple user scenario with Q = M. NOMA is applied within each cluster. For this scenario, users are paired based on their channel correlations and gain differences as in [11] . Therefore, it is reasonable to assign the same transmit beamforming vector to two users in the same cluster [2] , [3] . Next, to remove the inter-cluster interference, signal alignment is employed between two users in each cluster as [4, eq. (7)]
For MIMO-OMA, although different transmit beamforming vectors can be assigned to two users in the same cluster, this leads to a non-trivial problem since now both the beamforming vectors and degrees of freedom need to be jointly optimized. To make it tractable, users are grouped similarly as in the NOMA case, and thus, the same transmit beamforming vector is shared by two users in a cluster. Like in MIMO-NOMA, (14) is imposed to ensure the optimal degrees of freedom within each cluster, and eliminate the inter-cluster interference. Thus, the beamforming vectors in OMA and NOMA are constrained by the same conditions; hence, the beamforming vectors that are optimal for OMA can be used for NOMA. Because of this, the same beamforming vectors are employed for OMA and NOMA to facilitate the performance comparison. In this case, the following theorem verifies the superiority of MIMO-NOMA over MIMO-OMA.
Theorem 2: For any power split between the two users in each cluster, the sum rate obtained by MIMO-OMA does not exceed that of MIMO-NOMA. In particular, when the path loss component is the same for both users, i.e., L q,1 = L q,2 , the same sum rate is achieved. Otherwise, i.e., when L q,1 < L q,2 , a larger sum rate is achieved by MIMO-NOMA. Furthermore, the sum rate gap between MIMO-NOMA and MIMO-OMA grows with L q,2 − L q,1 when L q,2 is fixed.
Proof: For notational simplicity, the cluster index is omitted. With the same transmit beamforming vector, i.e., p 1 = p 2 = p, and applying signal alignment, we have |v To prove that the sum rate gap grows with
and L 2 = L 2 2 for notational simplicity. After some algebraic manipulations, the sum rate gap, denoted by R sum , is given by
Accordingly,
< 0, which means that the sum rate gap decreases with x, i.e., L 1 . Since L 2 is fixed, this means that the sum rate gap grows with L 2 −L 1 .
Remark: Due to the signal alignment, small scale fading for the two users cannot be used to distinguish the effective channel gains; thus, in order to ensure the superiority of MIMO-NOMA over MIMO-OMA, user pairing should be conducted such that the two users in the same cluster have different large scale fading, i.e., L q,1 < L q,2 . On the other hand, when L q,1 < L q,2 , no matter how the small scale fading changes for the two users, MIMO-NOMA is guaranteed to be better than MIMO-OMA.
Corollary 2: For any power split between the two users in each cluster, MIMO-NOMA outperforms MIMO-OMA in terms of ergodic sum rate.
IV. NUMERICAL RESULTS
In this section, numerical results are presented to compare the performance of MIMO-NOMA and MIMO-OMA, and thus, verify the accuracy of the analytical findings.
Figs. 1 and 2 show the variation of sum rate and ergodic sum rate, respectively, obtained by MIMO-NOMA and MIMO-OMA, with the transmit power for different values of r 1 and r 2 , where r k denotes the distance between user k and the BS in m. The path-loss is calculated as 114 + 38 log 10 (d), where d is in km. To better illustrate the sum rate variation over the distance disparity, users in different clusters are assigned the same distance, i.e., r m,k = r k , ∀m ∈ {1, . . . , M}, where M = 4 represents the total number of clusters. Additionally, the sum rates are the summations over all clusters.
According to Figs. 1 and 2 , when r 1 = r 2 , the same performance is obtained by MIMO-NOMA and MIMO-OMA for both capacities; this is due to the signal alignment. Otherwise, when r 1 = r 2 , it can be observed that MIMO-NOMA outperforms MIMO-OMA for both capacities, and the gap increases with the transmit power. Moreover, by comparing the two cases, i.e., r 1 = 50 m, r 2 = 100 m and r 1 = 75 m, r 2 = 100 m, it can be seen that the gap of both capacities between MIMO-NOMA and MIMO-OMA grows as the disparity between the two distances increases. These results indicate that in order for MIMO-NOMA to achieve better performance than MIMO-OMA, user pairing should be conducted such that the two users have a large distance disparity [2] .
V. CONCLUSION
In this letter, we have compared the sum rates of MIMO-NOMA and MIMO-OMA. It has been proved analytically that MIMO-NOMA outperforms MIMO-OMA in terms of both sum rate and ergodic sum rate for a simple two-user scenario. Following this, we have considered the multiple user scenario in which users are paired into clusters and share the same transmit beamforming vector. Under this scenario, the superiority of MIMO-NOMA over MIMO-OMA has been shown to still hold. Furthermore, it has been shown that user pairing should be conducted such that the two users have different large scale fading, due to signal alignment.
